An efficient family of two-point derivative free methods with memory for solving nonlinear equations is presented. It is proved that the convergence order of the proposed family is increased from 4 to at least 2 + √ 6 ≈ 4.45, 5, 1 2 5 + √ 33 ≈ 5.37 and 6, depending on the accelerating technique. The increase of convergence order is attained using a suitable accelerating technique by varying a free parameter in each iteration. The improvement of convergence rate is achieved without any additional function evaluations meaning that the proposed methods with memory are very efficient. Moreover, the presented methods are more efficient than all existing methods known in literature in the class of two-point methods and three-point methods of optimal order eight. Numerical examples and the comparison with the existing two-point methods are included to confirm theoretical results and high computational efficiency.
INTRODUCTION
The main goal and motivation in constructing iterative methods for solving nonlinear equations is to attain as high as possible order of convergence with minimal computational cost. The most efficient existing root-solvers are based on multipoint iterations, first studied in Traub's book [16] and some papers and books published in the 1960s and 1970s (see, e.g., [2] , [3] , [4] , [6] , [8] , [9] , [11] ). Multipoint iterative methods have again became an interesting and challenging task at present since they overcome theoretical limits of one-point methods concerning the convergence order and computational efficiency. The highest possible computational efficiency of these methods is closely connected to the hypothesis of Kung and Traub [6] from 1974. They have conjectured that the order of convergence of any multipoint method without memory, consuming n function evaluations per iteration, cannot exceed the bound 2 n−1 (called optimal order). Multipoint methods with this property are usually called optimal methods. An extensive (but not exhausting) list of optimal methods may be found, for example, in [12] and [13] .
Let α be a simple real zero of a real function f : D ⊂ R → R and let x 0 be an initial approximation to α. In many practical situations it is preferable to avoid calculations of derivatives of f. First multipoint derivative free methods were developed by Kung and Traub in [6] in 1974 with arbitrary order 2 n−1 (n ≥ 2) requiring n + 1 function evaluations. For n = 2 one obtains the derivative free method (1)
of Steffensen-type with quadratic convergence (see [16, p. 185] ). Taking n = 3 in the Kung-Traub family, the following derivative free two-point family of fourth order methods
,
is obtained, where f [x, y] = f (x) − f (y) /(x − y) is a divided difference and γ is a nonzero constant. The family (2) requires three function evaluations and has the fourth order of convergence, which means that it supports the Kung-Traub conjecture. Its efficiency index is E(2) ≈ 1.587. In this paper we follow a basic principle of numerical analysis that a genuine ranking of numerical algorithms can be attained using computational efficiency that is always directly proportional to the quality of an algorithm and inversely proportional to its computational cost. In the case of root-finders, very fast convergence or approximations of great accuracy are of irrelevant importance if their computational cost is too high.
The aim of this paper is to state a two-point family with memory of very high computational efficiency. We start from a family of two-point methods without memory with order 4, derived in [14] , and increase the convergence order to 2+ √ 6 ≈ 4.45, 5, 1 2 5+ √ 33 ≈ 5.37 and 6 (depending on the accelerating technique) without additional calculations. In this manner we obtain new methods for finding simple roots of nonlinear equations, whose computational efficiency is higher than the efficiency of existing methods known in literature in the class of two-point methods and even higher than the efficiency of optimal three-point methods of order eight.
The main idea is based on the use of suitable two-valued functions and the variation of a free parameter γ in each iterative step. This parameter is calculated using information from the current and previous iteration so that the developed methods may be regarded as methods with memory following Traub's classification [16, p. 8] .
An additional motivation for studying methods with memory arises from a surprising fact that such classes of methods have been considered in literature very seldom in spite of their high computational efficiency. We cite pioneering results of Traub [16, pp. 185-187] , the three-point method of Neta [9] and the recently developed method with memory [14] with the order 2 + √ 5 ≈ 4.236. The paper is organized as follows. In Section 2 we present a family of twopoint methods without memory, which is an extended version of the family derived in [14] . None calculation of derivatives are requested. A modification of the Kung-Traub method (2) appears as a special case of this family. Using a varying parameter, which is recursively calculated in each iteration, we develop a family of two-point methods with memory. In Section 3 we state convergence theorems which show that the R-order of convergence of the proposed family with memory is at least 2 + √ 6 ≈ 4.45 if a standard secant approach is applied, at least five if a new method called improved secant approach is employed and even 1 2
+
√ 33 ≈ 5.372 and 6 using Newton's interpolatory polynomials of the second and third degree, respectively. We emphasize that the increase of the order of convergence is obtained without any additional function evaluations, which points to very high computational efficiency. Indeed, the efficiency index 1.71 of the proposed fifth order two-point methods with memory is higher than the efficiency index 1.68 of optimal three-point methods of order eight, while the methods with Newton's interpolation (with the efficiency indices 1.75 and 1.817) are even more efficient. Numerical examples and the comparison with the existing optimal two-point methods are given in Section 4.
FAMILY OF TWO-POINT METHODS WITH MEMORY
To construct a family of derivative-free two-point methods, let us start from the doubled Newton method
and substitute derivatives f ′ (x) and f ′ (y) by suitable approximations. This is often used model in designing two-point methods. Let
be a function that appears in the Steffensen-like method (1), where γ is an arbitrary real constant. Obviously, ϕ(x) is an approximation to the first derivative f ′ (x) assuming that |f (x)| is small enough.
It is natural to approximate f ′ (x) ≈ ϕ(x) in (3). The derivative f ′ (y) in the second step of (3) will be approximated by f ′ (y) ≈ ϕ(x)/h(u, v), where h(u, v) is at least two-times differentiable function that depends on two real variables
.
Now from the iterative scheme (3) we state the family of two-point iterative methods
where
The weight function h should be determined in such way that the order of convergence of the two-point method (5) is as high as possible, which is the subject of the following theorem.
Theorem 1. If an initial approximation x 0 is sufficiently close to a zero α of f and the weight function h appearing in (5) satisfies the conditions
then the error relation related to the family of two-point methods (5) is given by
Proof. Introduce the abbreviations
In what follows we will derive the error relation (7) of the family of two-point methods (5), which is essential to our study. Using Taylor series about the root α, we obtain
In view of (8) and (9) we find
By (10) we get
Using (8) and (9) we find ϕ(x k ), and by (8) , (9) and (11) we can express u k and v k given by (4) . Assume that x k is sufficiently close to the zero α, then u k and v k are close to 0. Hence, we can represent a two-valued function h occurring in (5) by Taylor's series about (0, 0) in the form
where the subscript indices u and v indicate the appropriate partial derivatives. The error relation of the two-step iterative scheme (5) is
Using the conditions (6) and the developments (8)- (12), with the help of symbolic computation in the computer algebra system Mathematica we start from (13) and obtain the error relation (7). Remark 1. It was proved in [14] that the fourth order of the method (5) can be attained under the relaxed conditions (14) h(0, 0) = hu(0, 0) = hv(0, 0) = 1.
The additional requirement hvv(0, 0) = 2 in Theorem 1 enables that the term 1 + γf ′ (α) in (5) is squared; this fact is of essential importance which will be shown later. Otherwise, the relaxed conditions (14) (assuming hvv = 2) give only linear factor 1 + γf ′ (α) and, consequently, slower convergence, see [14] .
We observe from (7) that the order of convergence of the family (5) is four when γ = −1/f ′ (α). If we could provide γ = −1/f ′ (α), the order of the family (5) would exceed four. However, the value f ′ (α) is not available in practice and such acceleration is not possible. Instead of that, we could use an approximation
, calculated by available information. Then, setting γ = −1/f ′ (α), we can achieve that the order of convergence of the modified method exceeds 4 without using any new function evaluations. Moreover, we will show in Section 3 that a special approximation of γ can produce two-point methods with memory which have the order six.
Henceforth, we will often write w k = x k + γ k f (x k ), for brevity. In this paper we will consider four methods for approximating f ′ (α):
is Newton's interpolatory polynomial of second degree, set through three best available approximations (nodes) x k , y k−1 and x k−1 .
is Newton's interpolatory polynomial of third degree, set through four best available approximations (nodes) x k , y k−1 , x k−1 and w k−1 .
Then the parameter γ = γ k can be calculated recursively as the iteration proceeds as
To calculate γ k by (17) and (18), we need the expressions of N ′ 2 and N ′ 3 . Since
and
It is preferable to calculate divided differences of higher order by a recursive procedure using divided differences of lower order. By defining γ recursively as the iteration proceeds using (15) , (16), (17) or (18), we obtain a new derivative free two-point method with memory corresponding to (5),
We use the term method with memory following Traub's classification [16, p. 8] and the fact that the evaluation of the parameter γ k depends on data available from the current and the previous iterative step. Accelerating methods obtained by recursively calculated free parameter may also be called self-accelerating methods.
The initial value γ 0 should be chosen before starting the iterative process, for example, using one of ways proposed in [16, p. 186] . Note that the iterative scheme (21) defines a family of two-step methods. We can apply different two-valued weight functions h that satisfy the conditions (6). For convenience, recall the list of functions of simple form presented in [14] :
Using simple rearrangement, it is easy to show that the choice h(u, v) =
gives the Kung-Traub method (2) with memory as a special case,
(k = 0, 1, . . .).
CONVERGENCE THEOREMS
To estimate the convergence rate of the family of two-point methods (21), we will use the concept of the R-order of convergence introduced by Ortega and Rheinboldt [10] . The R-order of convergence of an iterative method (IM) that converges to the zero α, will be denoted with O R ((IM), α).
To avoid higher order terms in some relations, which make only "parasite" parts of Taylor's expansions and do not influence the convergence order, we employ the notation used in Traub's book [16] : If {f k } and {g k } are null sequences and
where C is a nonzero constant, we shall write
In our convergence analysis we will use the Bachman-Landau a little onotation : For the sequences {ϕ k } and {ψ k } which tend to 0 when k → ∞ we write ϕ k = o(ψ k ) if lim k→∞ ϕ k /ψ k = 0; in other words, ϕ is dominated by ψ asymptotically. Some auxiliary estimations necessary in this analysis are given in the following lemma. Lemma 1. Let N m be the Newton interpolation polynomial of degree m that interpolates a function f at m + 1 distinct interpolation nodes t 0 , t 1 , . . . , t m contained in an interval I and the derivative f (m+1) is continuous in I. Assume that 1) all errors e j = t j − α are sufficiently small, that is, all nodes t 0 , t 1 , . . . , t m are sufficiently close to the zero α;
2) the condition e 0 = o e 1 · e 2 · · · e m holds.
Proof. The error of the Newton interpolation is given by the well known formula
Differentiating (24) yields at the point t = t 0
In the neighborhood of the zero α, the function f and its derivatives may be developed into Taylor series (for t = t 0 ),
where e d = d − α. Substituting (26) and (27) into (25) and taking into account the conditions of Lemma 1, after short arrangement we arrive at the relation (23). First we state the convergence theorem of the family of two-point methods (21) with memory which uses the calculation of γ k by (15). Theorem 2. Let the varying parameter γ k in (21) be recursively calculated by (15) . If an initial approximation x 0 is sufficiently close to a zero α of f, then the R-order of convergence of the two-point methods (21) is at least 2 + √ 6 ≈ 4.45.
Proof. Let r be the R-order of the two-point methods (21) with memory, then we may write
, where D k,r tends to the asymptotic error constant of (21) when k → ∞. From some convenient applications, we rewrite the error relation (7) in the form
k , where
is now a varying quantity due to variable γ k .
From Lemma 1 for m = 1 (see Remark 2) we have e 0 = ε k , e 1 = ε k−1 so that
Hence
so that To attain faster convergence, we now apply the improved secant approach (16) where a better approximation y k−1 is used instead of x k−1 . The R-order of the corresponding two-point family with memory in this case is the subject of the following theorem. Theorem 3. Let the varying parameter γ k in (21) be recursively calculated by (16) . If an initial approximation x 0 is sufficiently close to a zero α of f, then the R-order of convergence of the two-point methods (21) is at least five.
Proof. Calculating γ k by (16) and using Lemma 1 for m = 2, e 0 = ε k , e 1 = ε k,y , we arrive at the following relation
Assume that the R-order of convergence of the sequence of errors {ε k,y } is p, then we may write
Hence, by (28) and (32), we obtain
On the other hand, by combining (10), (28), (31) and (32) we find
From (28)- (32) we obtain
On the other hand, we obtain from (28)
By comparing exponents of ε k−1 on the right-hand side of (33) and (34), and then on the right-hand side of (35) and (36), we form the following system of equations
with non-trivial solution p = 5/2 and r = 5. Therefore, the R-order of (21) is at least five.
Finally, we wish to show that the R-order of the family (21) is even greater than 5 if the Newton interpolation polynomial of higher order is applied in the calculation of γ k by (17) and (18). It is assumed that only available information are used. Theorem 4. Let the varying parameter γ k in the iterative scheme (21) be recursively calculated by (17) . If an initial approximation x 0 is sufficiently close to a zero α of f, then the R-order of convergence of the two-point methods (21)- (17) with memory is at least
Proof. In regard to Lemma 1, taking m = 2,
From the last relation and (17) we find
Using (10), (28), (32) and (37), we obtain the following error relation
In the similar manner, in regard to (28), (29), (32) and (37), we find
Comparing the error exponents of ε k−1 in pairs of relations (33), (38) and (36), (39), we form the system of equations in p and r
Positive solutions of this system are p = Even faster convergence can be obtained if γ k is calculated by (18), without any additional computational cost, which is the subject of the following theorem.
Theorem 5. Let the varying parameter γ k in the iterative scheme (21) be recursively calculated by (18). If an initial approximation x 0 is sufficiently close to a zero α of f, then the R-order of convergence of the two-point methods (21)-(18) with memory is at least six.
Proof. Let the errors appearing in the kth iteration be denoted with ε k,y = y k − α, ε k,w = w k − α, ε k = x k − α. Take e 0 = ε k , e 1 = ε k−1,y , e 2 = ε k−1 , e 3 = ε k−1,w in (23), according to Lemma 1 we have
As in the previous analysis, following (33) and (36) we may write
Furthermore, from (8), (10) and (29) we have
By combining the above expressions (40)- (46) we derive the following error relations
Equating appropriate exponents of ε k−1 in pairs of relations (41),(47), then (42), (48) and (43), (49), we arrive at the following system of equations in p, q and r,
with the positive solution p = 2, q = 3 and r = 6. Hence we conclude that the lower bound of the R-order of the methods with memory (21)- (18) is at least six. Theorems 2, 3, 4 and 5 give the lower bound of the R-order of convergence of the family (21) in the case of the accelerating approaches (I)-(IV). We observe that the methods (21) with memory are considerably accelerated (even up to 50%) related to the corresponding methods (5) without memory. The main advantage of the presented methods with memory is their very high computational efficiency, significantly higher than the efficiency of the existing two-point methods and even higher than the efficiency of three-point methods of optimal order eight.
NUMERICAL EXAMPLES
We compared the family of two-point methods (21) with memory with several optimal two-point iterative methods (IM) of the fourth order which also require three function evaluations. First, we give a list of these methods, where the abbre-
King's family [4] :
where β is a parameter. Let us note that King's family gives the following special cases:
Ostrowski's method [11] , β = 0:
Kou-Li-Wang's method [5] , β = 1:
Chun's method [1], β = 2:
Jarratt's method [2] :
(52)
Ren-Wu-Bi method [15] :
Kung-Traub's two-point method with derivative [6] :
We applied the methods (21) and (50) We employed the computer algebra system Mathematica with multiple-precision arithmetic. The errors |x k − α| for the first four iterations are given in Tables  1-4 , where the denotation A(−h) means A × 10 −h and K-T (·) is the abbreviation for Kung-Traub's methods (22) and (54).
It is evident that approximations to the roots given in Tables 1-4 possess great accuracy. Results of the fourth iteration are given only for demonstration of convergence speed of the tested methods and they are not required for practical problems at present. Initial value γ 0 = 0.01 was used.
Methods |x 1 − α| |x 2 − α| |x 3 − α| |x 4 − α| Table 1 . f 1 (x) = e −x 2 +x+2 − cos(x + 1) + x 3 + 1, α = −1, x 0 = −0.5
According to the results presented in Tables 1-4 and a number of numerical examples, we can conclude that the convergence behavior of the two-point methods (21) with memory (including the modified Kung-Traub method (22)), based on the self-correcting parameter γ k recursively calculated by (15) - (18), is considerably Kung-Traub conjecture. Also, note that the efficiency indices E((21) (16) ) ≈ 1.71, E((21) (17) ) ≈ 1.75 and E((21) (18) ) ≈ 1.817 are even higher than the efficiency index (8 1/4 ≈ 1.68) of optimal three-point methods (without memory) of order eight. We end this paper with the comment on the importance of the choice of initial approximations. If they are chosen sufficiently close to the sought roots, then the expected (theoretical) convergence speed will be reached in practice; otherwise, all multipoint methods (and, in general, all iterative root-finding methods) show slower convergence, especially at the beginning of the iterative process. For this reason, a special attention should be paid to finding good initial approximations. We note that an efficient method for the determination of initial approximations of great accuracy was recently proposed in the excellent paper [17] . The well known fact that the accuracy of obtained approximations strongly depends on initial approximations and the structure and form of tested functions can be observed in the case of f 4 (x) = e x sin x + log(x 2 + 1); all obtained approximations (Table 4) are considerably worse compared to those produced in the remaining examples.
